p-Adic ideals of p-rank d and the p-adic Nullstellensatz  by Srhir, Ahmed
Journal of Pure and Applied Algebra 180 (2003) 299–311
www.elsevier.com/locate/jpaa
p-Adic ideals of p-rank d and the p-adic
Nullstellensatz
Ahmed Srhir
Departement de Mathematiques, Faculte des Sciences, B.P. 133, Kenitra, Morocco
Received 23 November 2000; received in revised form 8 May 2002
Communicated by M.-F. Roy
Abstract
In this paper we introduce and we study the notion of p-adic ideal of p-rank d and the one
of p-adic radical of p-rank d of an ideal, by analogy with the notion of real ideal and the one
of real radical of an ideal in the real case. Using those two notions and following more closely
the real approach of Bochnak et al. (G4eom4etrie alg4ebrique r4eelle, Springer, Berlin 1987) we give
a new proof of the p-adic Nullstellensatz.
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1. Introduction
Let p be a <xed prime number. Let (K; v) be a p-adically closed <eld of p-rank
d with VK its p-valuation ring and with prime element . Thus, K is a henselian
p-valued <eld and its value group v(K) is a Z-group. We put q = pf where f is
the degree of the residue <eld AK over its prime <eld. For example, an extension <eld
of the p-adic number <eld Qp of degree d is a p-adically closed <eld of p-rank d.
The theory of p-adically closed <elds of p-rank d is the analogue in p-adic algebraic
geometry of the theory of real closed <elds in the real case. For more details about
this theory we refer the reader to [7]. Here we introduce some notations. We denote by
K[X ] = K[X1; : : : ; Xn] the ring of polynomials in indeterminates X1; : : : ; Xn over K and
by K(X ) the quotient <eld of K[X ]. The -adic Kochen operator over K is de<ned by
(X ) =
1

X q − X
(X q − X )2 − 1 :
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If L is an extension valued <eld of K , we shall denote by VK [(L)] the subring of
L generated by (L) over VK . We recall that (L) denotes the set of (x) such that
(x) =∞ with x∈L. Since K is p-adically closed <eld of p-rank d, Hensel’s lemma
allow us to show that VK = (K). Thus we have VK [(L)] = Z[(L)]. We are inspired
by Prestel and Roquette [7] to give the following de<nition of formally p-adic <eld
over the p-valuation ring VK of K :
Denition 1.1. Let L be an extension <eld of K . We say that L is formally p-adic
<eld over VK if L admits a p-valuation of p-rank d extending the given p-valuation
of K .
Example 1.2. The rational function <eld K(X1; : : : ; Xn) is formally p-adic over VK .
Let f∈K[X1] be a polynomial such that
f(X1) = akX k1 + ak+1X
k+1
1 + · · ·+ amXm1 with ak = 0 and ak6 am:
We put w0(f)=(k; v(ak)). Now if f=g∈K(X1), we put w(f=g)=w0(f)−w0(g). Then
w is a p-valuation of p-rank d on K(X1) with values in the group  = Z × v(K)
ordered lexicographically. Moreover, w extends the p-valuation v of K .
Similarly, K(X1; X2) = K(X1)(X2) admits a p-valuation of p-rank d which extends
the p-valuation of K(X1). Thus by induction K(X1; : : : ; Xn) admits a p-valuation of
p-rank d which extends the given p-valuation of K .
Proposition 1.3 (Prestel and Roquette [7, Proposition 4.2]). Let L be an extension val-
ued 1eld of K. Then L is a formally p-adic 1eld over VK if and only if 1= ∈ VK [(L)].
The -Kochen ring L of L over K (of relative type (1,1)) is the subring of L
de<ned by
L =
{
t
1 + s
∣∣∣∣ t; s∈Z[(L)] and 1 + s = 0
}
:
We refer the reader to [4,7] for more details about the Kochen ring. In the particular
case where L= K(X ), we shall denote K(X ) by .
Proposition 1.4. Let L be an extension 1eld of K. Then L is a formally p-adic 1eld
over VK if and only if 1= ∈ L.
Proof. We assume that L is formally p-adic over VK . If 1=∈L, then there exist t; s
in VK [(L)] such that 1==t=(1+s). Thus we have (t−s)=1. This is a contradiction.
Conversely assume that 1= ∈ L. Since VK [(L)] ⊂ L, one has 1= ∈ VK [(L)].
We shall denote by K[X ; (K(X ))] the subring of K(X ) generated by X and (K(X ))
over K . Finally we denote by  ·K[X ] the subring of K(X ) generated by  and K[X ].
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One has the equality
 · K[X ] =
{
t
1 +  s
∣∣∣∣ t ∈K[X ; (K(X ))] and s∈Z[(K(X ))]
}
:
If I is an ideal of K[X ], we shall denote by Z(I) the algebraic set of Kn de<ned
by
Z(I) = {x∈Kn|f(x) = 0 ∀f∈ I}
and by J(Z(I)) the ideal of K[X ] de<ned by
J(Z(I)) = {f∈K[X ] |f(x) = 0 ∀ x∈Z(I)}:
If in addition I is a prime ideal of k[X ], we shall denote by k(I) the residue <eld of I ,
i.e. the quotient <eld of the ring K[X ]=I . Thus, elements of k(I) are of the form Af= Ag
with f; g∈K[X ] and g ∈ I , where K[X ]→ K[X ]=I; f → Af is the canonical surjection.
In what follows, we shall identify the elements of K with their images in k(I) with
respect to the canonical K-homomorphism K[X ]→ k(I).
The model theory of p-adically closed <elds of p-rank d was studied by Prestel
and Roquette [7]; in particular, they have generalized Macintyre’s theorem [5] for
elimination of quanti<ers for p-adically closed <elds of p-rank 1. It was also studied
by B4elair and by Robinson. For example, an explicit axiomatization for the universal
part of the theory of p-adically closed <elds of p-rank d in Macintyre’s language has
been given in [1] and independently in [8]. Here we shall use the fact that the theory
of p-adically closed <elds of p-rank d is model complete in the language of valued
<elds.
Theorem 1.5 (Prestel and Roquette [7, Theorem 5.1]). Let M be a p-adically closed
1eld of p-rank d such that K ⊂ M . Then an elementary sentence of the language of
valued 1elds with parameters from K holds in M if and only if it holds in K.
In particular, we have the following consequence:
Corollary 1.6. Let M be a p-adically closed 1eld of p-rank d such that K ⊂ M . Let
I be an ideal of K[X ] generated by the polynomials f1; : : : ; fr . Let  :K[X ]=I → M
be a K-homomorphism. Then there exists a K-homomorphism  :K[X ]=I → K .
Proof. We put x1 = ( AX1); : : : ; xn = ( AXn) and x = (x1; : : : ; xn). Then
x∈Mn and f1(x) = · · ·= fr(x) = 0:
This statement can be expressed by an elementary sentence of the language of valued
<elds with parameters from K which holds in M . From Theorem 1.5 we infer that this
statement holds also in K . Thus there exists y such that
y∈Kn and f1(y) = · · ·= fr(y) = 0:
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We de<ne a map  :K[X ]=I → K by
( AXi) = yi for each i such that 16 i6 n:
Then it is easy to see that  is a K-homomorphism.
We can now state the p-adic Nullstellensatz:
Theorem 1.7 (p-adic Nullstellensatz). Let f1; : : : ; fr; g be 1nitely many polynomials
in K[X ]. Then g vanishes at all common zeros of f1; : : : ; fr in the a8ne space Kn if
and only if there exist m∈N∗ and !1; : : : ; !r ∈·K[X ] such that gm=!1f1+· · ·+!rfr .
The p-adic Nullstellensatz was proved by Jarden and Roquette [4] and by Prestel
and Roquette [7] using the theory of K-rational places and model-completeness of the
theory of p-adically closed <elds in the language of valued <elds.
In this work we shall give an other proof of the p-adic Nullstellensatz based on the
theory of p-adic ideals and the one of p-adic radicals of an ideal and following more
closely the real case developed by Bochnak et al. [2]. The model-completeness of the
theory of p-adically closed <elds is also a key element in this proof.
In Section 2 we recall the de<nition of real ideal and that of real radical of an ideal
and we give some properties of these notions. For more details we refer the reader
to [2].
In Section 3 we shall give the de<nition of p-adic ideal which is the p-adic analogue
of the real ideal. We provide also some algebraic properties of these ideals. Section 4
contains the de<nition and some properties of p-adic radical of an ideal. In Section 5
we give the proof of Theorem 1.7 and some applications.
2. Real ideal and real radical of an ideal
Since we shall introduce the notions of p-adic ideal and p-adic radical of an ideal
by analogy with the real case, we recall here the de<nition of real ideal and that of
real radical of an ideal and we provide some properties of these two notions. For the
proof of the results given here we refer the reader to [2,3]. We begin with the notion
of real ideal.
Denition 2.1. Let I be an ideal of R[X1; : : : ; Xn]. We say that I is a real ideal if for
every f1; : : : ; fr ∈R[X1; : : : ; Xn] such that f21 + · · ·+ f2r ∈ I , then f1; : : : ; fr ∈ I .
The next result gives a characterization of real prime ideals of R[X1; : : : ; Xn] in terms
of formally real <elds.
Proposition 2.2. Let I be a prime ideal of R[X1; : : : ; Xn]. Then I is a real ideal if and
only if its residue 1eld k(I) is formally real.
Real ideals of R[X1; : : : ; Xn] have also the following properties:
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Proposition 2.3. Let I be a real ideal of R[X1; : : : ; Xn]. Then
(i) I is a radical ideal of R[X1; : : : ; Xn].
(ii) All the minimal prime ideals of R[X1; : : : ; Xn] containing I are real ideals.
Using model completeness of the theory of real closed <elds we have:
Theorem 2.4 (Geometric characterization of real ideal). Let I be an ideal of
R[X1; : : : ; Xn]. Then I is a real ideal if and only if I =J(Z(I)).
Corollary 2.5. Let I be an ideal of R[X1; : : : ; Xn]. Then J(Z(I)) is the smallest real
ideal of R[X1; : : : ; Xn] containing I.
We give now the de<nition of real radical of an ideal.
Denition 2.6. Let I be an ideal of R[X1; : : : ; Xn]. The real radical of I is the subset
of R[X1; : : : ; Xn] de<ned by
R
√
I =
{
g∈R[X ]|∃m∈N∗ and ∃f1; : : : ; fr ∈R[X ]: g2m +
r∑
i=1
f2i ∈ I
}
:
Proposition 2.7. Let I be an ideal of R[X1; : : : ; Xn]. Then
(i) R
√
I is the smallest real ideal of R[X1; : : : ; Xn] containing I .
(ii) R
√
I is the intersection of all real prime ideals of R[X1; : : : ; Xn] containing I.
Combining Proposition 2.7 and Corollary 2.5, we obtain the real Nullstellensatz.
Theorem 2.8. Let I be an ideal of R[X1; : : : ; Xn]. Then R
√
I =J(Z(I)).
In real algebraic geometry we have the three following correspondences:
Proposition 2.9. (i) There exists a one to one correspondence between algebraic sets
of Rn and real ideals of R[X1; : : : ; Xn].
(ii) There exists a one to one correspondence between irreducible algebraic sets of
Rn and real prime ideals of R[X1; : : : ; Xn].
(iii) There exists a one to one correspondence between points of Rn and real maximal
ideals of R[X1; : : : ; Xn].
3. p-Adic ideal
We are inspired by De<nition 2.1 to introduce a new concept in p-adic algebraic
geometry, that is the notion of p-adic ideal. We give <rst the de<nition of this notion.
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Denition 3.1. Let I be an ideal of K[X ] generated by the polynomials f1; : : : ; fr . We
say that I is a p-adic ideal of K[X ] if for every g∈K[X ], for every m∈N∗ and for
every !1; : : : ; !r ∈ · K[X ] such that gm = !1f1 + · · ·+ !rfr then we have g∈ I .
Remark 3.2. The De<nition 3.1 does not depend on the choice of the basis f1; : : : ; fr
of the ideal I . Indeed, let g1; : : : ; gk be another basis of I in K[X ]. Let g∈K[X ] be a
polynomial, m∈N∗ and !1; : : : ; !k ∈ ·K[X ] such that gm=!1g1+ · · ·+!kgk . Since for
16 i6 k we have gi ∈ I , there exist #i1; : : : ; #ir ∈K[X ] such that gi=#i1f1+· · ·+#irfr .
Thus we obtain
gm =
k∑
i=1
!i
r∑
j=1
#ij fj
=
r∑
j=1
(
k∑
i=1
!i #ij
)
fj:
Since I is a p-adic ideal for the basis f1; : : : ; fr , we have g∈ I . Hence I is a p-adic
ideal for the basis g1; : : : ; gk .
We shall use the following lemma in our proof in the next theorems.
Lemma 3.3 (Jarden and Roquette [4, Theorem 2.1]). Let ’ :K(X ) → K ∪ {∞} be a
K-rational place such that ’(Xi) = ∞ for 16 i6 n. Then one has ’(!) = ∞ for
each !∈ · K[X ].
As an immediate consequence of this lemma we obtain
Example 3.4. Let a be an element of Kn. Then the maximal ideal of K[X ] de<ned by
Ma = {f∈K[X ] |f(a) = 0}
is a p-adic ideal of K[X ].
We shall also need the following lemma.
Lemma 3.5. Let I be an ideal of K[X ] generated by the polynomials f1; : : : ; fr . Then
the ideal J(Z(I)) is a p-adic ideal of K[X ].
Proof. Let g be a polynomial in K[X ], m∈N∗ and !1; : : : ; !r ∈ · K[X ] such that
gm = !1f1 + · · ·+ !rfr . We have to show that g∈J(Z(I)). Let x∈Z(I). Then x is
a simple point of the algebraic set Kn. According to a well-known result of algebraic
geometry, there is a K-rational place ’ :K(X ) → K ∪ {∞} such that ’(Xi) = xi for
16 i6 n. For the proof of this result we refer the reader to [4, p. 457]. Since fj ∈ I ,
we have ’(fj) = 0 for all 16 j6 r. Applying Lemma 3.3 we obtain ’(g) = 0 i.e.
g(x) = 0. It follows that g∈J(Z(I)). Hence J(Z(I)) is a p-adic ideal.
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The next proposition gives a characterization of p-adic ideals in terms of formally
p-adic <elds over VK . Thus we give a p-adic analogue of Proposition 2.2.
Proposition 3.6. Let I be a prime ideal of K[X ] generated by the polynomials
f1; : : : ; fr . Then I is a p-adic ideal if and only if its residue 1eld k(I) is formally p-adic
over VK .
Proof. We assume that residue <eld k(I) of I is not formally p-adic over VK . Then
according to Proposition 1.4, one has 1=∈k(I). More precisely there exist Af= Ag and
Ah= Al in Z[(k(I))] such that
1

=
Af= Ag
1 +  Ah= Al
:
f=g and h=l can be chosen such that f=g; h=l∈Z[(K(X ))]. We obtain the equality
gl+ (gh− fl) = 0:
Thus, gl+ (gh− fl)∈ I . It follows that there exist #1; : : : ; #r ∈K[X ] such that
gl+ (gh− fl) =
r∑
i=1
#i · fi:
We know from Example 1.2 that the rational <eld K(X ) is formally p-adic over VK .
Therefore, according to Proposition 1.3 we have 1 + (h=l − f=g) = 0. Thus we can
write
gl=
r∑
i=1
#i
1 + (h=l− f=g) · fi:
Let us put
!i =
#i
1 + (h=l− f=g) for 16 i6 r:
Since f=g; h=l∈Z[(K(X ))], we have !i ∈ · K[X ] for all 16 i6 r. Hence we have
gl= !1f1 + · · ·+ !rfr:
Since I is a p-adic ideal, we get gl∈ I .
On the other hand, g ∈ I and l ∈ I imply gl ∈ I . This is a contradiction.
Conversely assume that the residue <eld k(I) is formally p-adic over VK . We <rst
prove that I =J(Z(I)). Let L be a p-adic closure of k(I). Then L is a p-adically
closed <eld. Let f ∈ I and let A be the quotient ring (K[X ]=I) Af. Then one has a K-
homomorphism  :A→ L. According to Corollary 1.6, there exists a K-homomorphism
 :A→ K . We put
x1 =( AX1); : : : ; xn =( AXn) and x = (x1; : : : ; xn):
Then we have x∈Z(I) and f(x) = 0. Thus f ∈ J(Z(I)). Hence I =J(Z(I)). We
conclude from Lemma 3.5 that I is a p-adic ideal.
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Example 3.7. Let i be an integer such that 16 i6 n. Then the prime ideal (X1; : : : ; Xi)
of K[X1; : : : ; Xn] is a p-adic ideal since its residue <eld is the rational function <eld
K(Xi+1; : : : ; Xn) which is formally p-adic over VK from Example 1.2.
The next proposition may by considered as the counterpart of Proposition 2.3.
Proposition 3.8. Let I be a p-adic ideal of K[X ] generated by the polynomials
f1; : : : ; fr . Then one has the following properties:
(i) I is a radical ideal of K[X ].
(ii) All the minimal prime ideals of K[X ] containing I are p-adic ideals.
Proof. (i) Let g be a polynomial in K[X ] such that g∈√I . Then there exists m∈N∗
such that gm ∈ I . Thus we can <nd !1; : : : ; !r ∈K[X ] such that gm = !1f1 + · · ·+ !rfr .
Since K[X ] ⊂  · K[X ] and I is a p-adic ideal, we get g∈ I . Hence I is a radical
ideal.
(ii) It is well-known that K[X ] is a noetherian ring. From (i) I is a radical ideal
of K[X ]. Therefore according to Theorem 2.5 [6, Chapter 9], there exist <nitely many
prime ideals I1; : : : ; Ik of K[X ] containing I such that
I =
k⋂
i=1
Ii
with Ii * Ij for i = j. I1; : : : ; Ik are called the minimal prime ideals of K[X ] which
contain I . Let us show for example that I1 is a p-adic ideal. Assume that I1 is gen-
erated by the polynomials g1; : : : ; gN . Let g be a polynomial in K[X ], m∈N∗ and
!1; : : : ; !N ∈ · K[X ] such that gm = !1g1 + · · ·+ !NgN . Let hi ∈ Ii \ I1 for i = 2; : : : ; k
and h= h2 · · · hk . Since I1 is a prime ideal, we have h ∈ I1. Moreover for each i such
that 16 i6N , we have hmgi ∈ I . Therefore there exist #i1; : : : ; #ir ∈K[X ] such that
(h · g)m =
N∑
i=1
!i · hmgi
=
N∑
i=1
!i

 r∑
j=1
#ij · fj

 :
Thus we have
(h · g)m =
r∑
j=1
(
N∑
i=1
!i · #ij
)
· fj:
Since I is a p-adic ideal, it follows that h · g∈ I . In particular h · g∈ I1. Hence g∈ I1.
Therefore I1 is a p-adic ideal. Similarly I2; : : : ; Ik are p-adic ideals.
In the p-adic case, we have also a geometric characterization of p-adic ideals. Thus
one gives a p-adic analogue of Theorem 2.4.
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Theorem 3.9 (Geometric characterization of p-adic ideal). Let I be an ideal of K[X ]
generated by the polynomials f1; : : : ; fr . Then I is a p-adic ideal if and only if
I =J(Z(I)).
Proof. If I =J(Z(I)), then by Lemma 3.5 I is a p-adic ideal.
Conversely, suppose that I is a p-adic prime ideal. Then from Proposition 3.6 the
residue <eld k(I) of I is a formally p-adic <eld over VK . Therefore I =J(Z(I)). If
I is any p-adic ideal of K[X ], then by (i) of Proposition 3.8 I is a radical ideal of
K[X ]. Thus according to Theorem 2.5 of [6] we have
I =
k⋂
i=1
Ii;
where I1; : : : ; Ik are the minimal prime ideals of I in K[X ]. We know from (ii) of
Proposition 3.8 that I1; : : : ; Ik are p-adic ideals of K[X ]. Hence
I =
k⋂
i=1
J(Z(Ii))
=J(Z(I)):
This proves the theorem.
The next result provides a p-adic analogue of Corollary 2.5:
Corollary 3.10. Let I be an ideal of K[X ] generated by the polynomials f1; : : : ; fr .
Then the ideal J(Z(I)) is the smallest p-adic ideal of K[X ] containing I .
Proof. We know from Lemma 3.5 that J(Z(I)) is a p-adic ideal of K[X ] containing
I . Moreover if I1 is a p-adic ideal of K[X ] such that I ⊂ I1, then we have Z(I1) ⊂
Z(I). Therefore J (Z(I)) ⊂ J(Z(I1)). Since I1 is a p-adic ideal, we conclude from
Theorem 3.9 that I1 = J(Z(I1)). Thus J(Z(I)) ⊂ I1. Hence the ideal J(Z(I)) is
the smallest p-adic ideal of K[X ] containing I .
4. p-Adic radical of an ideal
In this paragraph we shall give the de<nition of the p-adic radical of an ideal and
some algebraic properties. We shall see that this notion is in p-adic algebraic geometry
the analogue of the real radical of an ideal in real algebraic geometry.
Denition 4.1. Let I be an ideal of K[X ] generated by the polynomials f1; : : : ; fr . The
p-adic radical of I is the subset of K[X ] de<ned by
p
√
I =
{
g∈K[X ] | ∃ m∈N∗ and ∃ !1; : : : ; !r ∈ · K[X ]: gm =
r∑
i=1
!ifi
}
:
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Remark 4.2. As in the de<nition of a p-adic ideal, the p-adic radical of an ideal is
independent of the choice of the basis of this ideal.
The point (i) of Proposition 2.7 admits as p-adic analogue the following pro-
position.
Proposition 4.3. Let I be an ideal of K[X ] generated by the polynomials f1; : : : ; fr .
Then p
√
I is the smallest p-adic ideal of K[X ] containing I.
Proof. It is clear that I ⊂ p√I . We have to show that p√I is an ideal of K[X ].
Let f be an element of K[X ] and g an element of p
√
I . There exist m∈N∗ and
!1; : : : ; !r ∈ · K[X ] such that gm = !1f1 + · · · + !rfr . Thus we have the equality
(fg)m = !1fmf1 + · · · + !rfmfr . Therefore, f · g∈ p
√
I . Let f; g be two elements of
p
√
I . Then there exist m; k ∈N∗ and !1; : : : ; !r ; #1; : : : ; #r ∈ ·K[X ] such that gm=!1f1+
· · ·+ !rfr and fk = #1f1 + · · ·+ #rfr . Thus we have
(f + g)m+k =
m+k∑
i=0
Cm+ki f
igm+k−i :
Since for 06 i6m+ k we have i¿ k or m+ k − i¿m, we obtain
Cm+ki f
igm+k−i =
r∑
j=1
!ij · fj for 06 i6m+ k
we obtain
(f + g)m+k =
r∑
j=1
(
m+k∑
i=0
!ij
)
· fj:
Hence f+g∈ p√I . Thus, p√I is an ideal of K[X ]. Let g1; : : : ; gk be a basis of this ideal.
We prove now that p
√
I is a p-adic ideal. Let g be a polynomial in K[X ], m∈N∗ and
!1; : : : ; !k ∈ ·K[X ] such that gm=!1g1+ · · ·+!kgk . Since gi ∈ p
√
I , there exist mi ∈N∗
and #1i ; : : : ; #ri ∈·K[X ] such that gmi=#1if1+· · ·+#rifr . Let us put m0=m1+· · ·+mk .
Then we have
gmm0 =
(
k∑
i=1
!igi
)m0
=
r∑
j=1


∑
i1+···+ik=m0
i1 ;:::; ik∈N
!i1i2 :::iqj

 fj:
Thus we see that g∈ p√I . Hence p√I is a p-adic ideal of K[X ].
Finally, if I1 is a p-adic ideal of K[X ] containing I . Then
p
√
I ⊂ I1 since I1 is a
p-adic ideal. Hence p
√
I is the smallest p-adic ideal containing I .
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Remark 4.4. An ideal I of K[X ] is a p-adic ideal if and only if I = p
√
I .
Proposition 4.5. Let I be an ideal of K[X ]. Then p
√
I is the intersection of all p-adic
prime ideals of K[X ] containing I.
Proof. We assume p
√
I = K[X ], therefore I = K[X ]. Proposition 4.3 shows that p√I is
included in the intersection of all p-adic prime ideals of K[X ] containing I .
Conversely, let f∈K[X ] such that f ∈ p√I . It suNces to show that there exists a
p-adic prime ideal of K[X ] containing I and not f. Let us consider the set F of all
p-adic proper ideals of K[X ] containing I and not f. Then F = ∅ (since p√I ∈F)
and F is inductive. Therefore by Zorn’s Lemma F admits a maximal element, say
I0. Let f1; : : : ; fr be a basis of I0. We have to show that I0 is a prime ideal of K[X ].
Otherwise there exist g; h∈K[X ] such that g ·h∈ I0, g ∈ I0 and h ∈ I0. Then p
√
I0 + (g)
and p
√
I0 + (h) are p-adic ideals of K[X ] containing I0 and I . Since I0 is a maximal
element in F, we have f∈ p√I0 + (g) and f∈ p√I0 + (h). It follows that there exist
m; k ∈N∗ and !1; : : : ; !r ; !r+1; #1; : : : ; #r ; #r+1 ∈ · K[X ] such that
fm = !1f1 + · · ·+ !rfr + !r+1g and fk = #1f1 + · · ·+ #rfr + #r+1h:
Thus we obtain the following equality:
fm+k =
(
r∑
i=1
!ifi + !r+1g
)(
r∑
i=1
#ifi + #r+1h
)
=
r∑
i=1
+ifi
with +i ∈·K[X ] for 16 i6 r. Since I0 is a p-adic ideal, we get f∈ I0. This is a con-
tradiction. Hence p
√
I is the intersection of all p-adic prime ideals of K[X ] containing
I . This proves Theorem 4.5.
5. The p-adic Nullstellensatz
The purpose of this paragraph is to show how the notion of p-adic ideal and that
of p-adic radical of an ideal enable us to obtain a simple proof of the p-adic Null-
stellensatz. Thus we give a p-adic analogue of Theorem 2.8.
Theorem 5.1. Let I be an ideal of K[X ]. Then p
√
I =J(Z(I)).
Proof. Immediate consequence of Corollary 3.10 and Proposition 4.3.
Proof of Theorem 1.7. Let I be the ideal of K[X ] generated by the polynomials
f1; : : : ; fr . Then it is clear that g vanishes at all common zeros of f1; : : : ; fr in Kn if
and only if g∈J(Z(I)). From Theorem 5.1, this is equivalent to g∈ p√I , i.e. there
exist m∈N∗ and !1; : : : ; !r ∈ · K[X ] such that gm = !1f1 + · · · + !rfr . This proves
Theorem 1.7.
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The following result gives a correspondence between algebraic sets of Kn and p-adic
ideals of K[X ]. Thus we provide a p-adic analogue of Proposition 2.9.
Proposition 5.2. There exists a one to one correspondence between algebraic sets of
Kn and p-adic ideals of K[X ].
Proof. If V is an algebraic set of Kn then we can <nd a p-adic ideal I of K[X ] such
that V =Z(I). Indeed, if we put I =J(V ). Then we have V =Z(J(V )) =Z(I).
Therefore I =J(Z(I)). Hence according to Theorem 3.9, I is a p-adic ideal.
On the other hand, if I1 and I2 are two p-adic ideals of K[X ] such that Z(I1)=Z(I2).
Then J(Z(I1)) =J(Z(I2)). Hence I1 = I2 by Theorem 3.9.
As an immediate consequence of this Proposition we obtain the following corollary.
Corollary 5.3. There exists a one to one correspondence between irreducible algebraic
sets of Kn and p-adic prime ideals of K[X ].
Proof. We know that an algebraic set V of Kn is irreducible if and only if J(V ) is
a prime ideal of K[X ].
Corollary 5.4. There exists a one to one correspondence between points of Kn and
p-adic maximal ideals of K[X ].
Proof. Let M be a p-adic maximal ideal of K[X ]. Then according to Proposition 3.6
the <eld K[X ]=M is a formally p-adic <eld over VK . Let L be a p-adic closure of this
<eld. We have a K-homomorphism  :K[X ]=M→ L. Then by model-completeness of
the theory of p-adically closed <elds of p-rank d or more precisely by Corollary 1.6
we obtain a K-homomorphism  :K[X ]=M→ K . We put
xi =( AXi) for 16 i6 n and x = (x1; : : : ; xn):
If f∈M then f(x) =( Af) = 0. i.e. x∈Z(M). Therefore M ⊂ J({x}) since M is
a p-adic ideal. Hence M=J({x}) since M is a maximal ideal.
Conversely, let a∈Kn. Then from Example 3.4, the maximal ideal Ma de<ned by
Ma = {f∈K[X ] |f(a) = 0} is a p-adic maximal ideal of K[X ].
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